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1. Introduction

An intriguing extension of the classical metric space idea is partially E-cone
spaces. The origin of E-cone metric spaces is defining the metric using a partic-
ular cone in Banach space [15]. This structure provides non-negative scalar that
supports the determination of distance in a reacher context more effectively than
using a real number alone [4, 6, 19, 31, 33, 34, 35, 37, 38|.

In the study of metric geometry, partially E-cone metric spaces(see [18]) which
combine the partial ordering and the element of cone metric spaces represent an
exciting advance. Introduced as a generalization of metric spaces in which distance
is measured inside a cone in the Banach space [15] rather than in the standard
set of non-negative real numbers, these spaces provide an additional mathematical
extension. The key feature of partially E-cone metric spaces is their capacity to
integrate an order relation into the structure of cone metric spaces. Compared
to conventional metric spaces, this novel method offers more versatility and wider
applicability.

Metric spaces are a useful idea in topology and mathematical analysis because
they provide a structural framework for defining continuity and distance. This
opens up new possibilities, especially in fields where order relationships are im-
portant, such theoretical economics and fixed point theory. One might consult
the work of Kadalburg, Radenovic, and Rakocevic, who offer thorough studies in
this field, especially in their paper ”Revisiting cone metric spaces and fixed point
theorem of contractive mapping” [5, 20, 21, 25] and the references therein, for a
foundational discussion on E-cone metric spaces.

Recently, there has been additional investigation on partially E-cone metric
spaces with the aim of strengthening their theoretical basis and expanding their
practical scope. These spaces are an advanced version of metric spaces that es-
tablish distance by using a partial ordering in conjunction with a cone inside of
a Banach space [15]. These frameworks integrate ordering structures, which are
essential for mathematical models including optimization and hierarchy sensitive
processes, in addition to enriching the traditional concepts of distance and con-
version. The work of Aydi and Karapinar [9], whose authors created fixed point
theorems that are fundamental to mathematical analysis and algorithms in such
structured space, provides a current thorough assessment and advancement in this
topic.

Applications of the Banach Fixed point theorem are widely recognized. Numer-
ous scholars have expanded upon this theorem by incorporating broader contractive
conditions that necessitate the presence of a fixed point. Nieto and Lopez [30] later
studied the existence of fixed points in ordered metric spaces, after Ran and Reur-
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ings [32] in 2004. Regarding additional outcomes in ordered metric spaces, see e.g.
3, 8, 13, 26, 27-29]. Bhashkar and Lakshmikantham [17] explored several coupled
Fixed point theorems in partially ordered complete metric spaces and established
the idea of a coupled Fixed point of a mapping F' : X x X — X. Subsequently,
different outcomes regarding coupled fixed points were discovered, see e.g. [2, 10,
13, 14, 22, 23, 24, 29, 30]. On the other hand, tripled fixed point theory was first
presented by Berinde and Borcut. [16] (see also the papers [1, 11]).

In this paper we define the concept of triple fixed point on F-cone metric space.

2. Preliminaries
Definition 2.1. [7] Let & # ¢ and consider an ordered space E over the real
scalars. An E-valued function d¥ : ¢ x &€ — E such that for all h, 9,0 € &, then
(i) 0p < dP(h,9),d¥(h,9) = 0 if and only if h =;
(ii) dB(h, 9) = dE (9, h);
(iii) d®(h, ) < d”(h, 0) + d"(o,).

Then the pair (€, d¥) is called E-metric space.

Definition 2.2. [18] Let & # ¢ and consider an ordered space E over the real
scalars ordered by its positive cone with the assumption that (E1)? # ¢. A function
pP € x & — EY such that for all h,9,0 € &;

(p1) : 0p < p®(h. 1) < p®(h, ).

(p2) : Bi= 40 if and only if pP(h, B) = pP(h,9)’
(p3) + PP(Rh,0) = p®(V, h),

(pa) = PP (R, 9) < pP(h, 0) + p® (R, 9) — ¥ (0, 0).-

A pair (€,pF) is known as partially E-cone metric space where & # ¢ and p¥ is a
partially E-cone metric on the set &.
Clearly, if pP(h,9) = Og, then from (p1) and (p2),h =1. But if h =9,p(h, 1)

may not be equal to Op.

Definition 2.3. [18] Consider a partially E-cone metric (§,p¥) and let E be an

ordered space with the assumption that (E1)? # ¢. Consider a sequence {hy,} in ¢
and h € £&. Then
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(i) If for every Op < e, then, there exists a natural number a such that
p"(hn,h) << e, for all n > a.

Therefore, the sequence {hy,} is called e-convergent to h.
Here, however, we write lim h, = h or h, — h.
n—oo

(ii) If for every Op << e, then, there exists a natural number a such that
PF (B, b)) < €, for all n,m > a.
Therefore, the sequence {hy} is called e-Cauchy sequence.
(iii) (€,p%) is e-complete if every e-Cauchy sequence is e-convergent.

Definition 2.4. [12] Consider a partially ordered set (§,<) and F: X Ex & — €.
If for any h,9,0 € £

hlah2 S ga hl S h2 = %(hlaﬂa Q) S %(h2a197 9)7
1917192 € 57 191 S 192 = %(hﬁ 1917 ) Z %(h’ 1927 Q)v
01,00€¢&, 01 < 02= (R0, 01) < 3R, Y, 02).

Then, the mapping S possesses the mixzed monotone property.

Definition 2.5. [12] Let & : £ X € x & — £ be the mapping. An element
(h,9,0), ¥V h,0,0 €& is known as a tripled fixed point of ¥ if

S(h,9,0) =h, S, hJI) =1 and I(o,V,h) = 0.

Berinde and Borcut additionally demonstrated the result specified below.

Theorem 2.1. [12] Consider a partially ordered set (¢, <,p¥) and assume that
there is an E-cone metric space p¥ on & such that (&,p%¥) is a complete E-cone
metric space. Consider the mapping S : & X £ X € = £ such that S possesses the
mixzed monotone property and there are i,j7,k > 0 with 1+ 7+ k < 1 such that

p" (S(h,9,0), (W, V', 0)) <ip® (A, 1) + jp"(9,9') + kp® (0, ), (2.1)

for any h,9,0 € £ for which h < B',9 > 19 0 < p. Consider & is continuous or &
has the following property:

(i) if a non-decreasing sequence h,, — h, then h, < h ¥V n,
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(i1) if a non-increasing sequence ¥, — 0, then ¥, > 9 ¥ n.

If 3 ho, 00,00 € & such that hy < I(ho, o, 00), %0 > (Yo, ho,¥o) and gy <
(00, Yo, hio), then there exist h, ¥, o € £ such that

S(h,0) =h, SW,hY0) =9 and (0,9, k) = o,

then, & has a triple fixed point.
A few triple fixed point theorems for partially E-Cone metric space mappings
with mixed monotone properties are presented in this study.

3. Main Results

Definition 3.1. Consider a partial E-cone metric space (£,pF). A mapping ¢ :
& x & is called ICS if o is continuous, injective and has the property: for every
sequence {h,} in &, if {ph,} is convergent then {h,} is also convergent.

Let ¢ be the set of 1 : [0, +00) — [0, 4+00) such that

(1) ¢ is non-decreasing,
(2) () < for all v+ >0,

(3) lim ¥ (y) <2 for all +> 0.
7=t

Theorem 3.1. Consider a partially ordered set (§,<) and assume that there is
an E-cone metric p¥ on € such that (&,pF) is a complete E-cone metric space.
Consider g : € X £ is an ICS mapping and I : € X & X & — £ is such that & has the
mized monotone property. Suppose there exists ¥ € ¢ such that

PP (pS(h, 9, 0), pS(H. ', 0)) < w(max {p"(ph, ol'), p" (09, p0"), p" (00, p@’)}) (3.1)
for any h, 9,0 € £ for which h < K, 9> and o< . Suppose

(i) S is continuous, or

(i1) & has the following property:

(a) if non-decreasing sequence h,, — h (correspondingly o, — o), then h, <
h (correspondingly o, < 0) for all n,

(b) if non-increasing sequence 9, — ¥, then ¥, > 9 for all n.
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If 3 hy,Yo,00 € & such that hy < S(ho, Vo, 00), 00 > (Do, ho, Vo) and gy <
(00, Vo, o), then 3 h, 9, 0 € € such that

S(h, 0, 0) =h, <, h09) =9 and I(o,9,h) = o,
then, & has a triple fixed point.
Proof. Consider h07/l907Q0 € f such that ho S %(ho,ﬁg,go),ﬁg Z %(ﬁo,ho,ﬁo)
and 09 < (00, Vo, hy). Set
hi = S(ho, Yo, 00), V1 = (Do, Ao, Vo) and 01 = F(00, Vo, ho). (3.2)

Continuing this process, we can construct sequences {h,},{¥,} and {o,} in £ such
that

hn—i—l = %(hna 19n, Qn)a ﬁn—kl = S(ﬁm hmﬂn) and On+1 = %(gm 1971, hn) (33)

Since & possesses the mixed monotone property, by using a mathematical induc-
tion, we get

by < hpi1, U > Y041, 00 < Opg1, forn=20,1,2, ... (3.4)

Suppose for n € N,
hy = bny1,  Un =051, and 0, = 0ny1
then, by (3.3), a triple fixed point of & is (hy,, ¥y, 0,). For any n € N such that
hp # hpyr or U, #Upi1 or 0n # Ungr- (3.5)
As p is injective, then, for any n € N, by (3.5)
0 < max {p”(phn, Phn 1), 07 (900, 90n11), D7 (90n, 9On11) }-

By (3.1) and (3.3), we obtain

pE(@hm pthrl) = E(p%<hn717 ﬁnfb anl)a p%(hna ﬁna Qn))

p
< w(max {p" (phn—1, o), D" (9Vn-1, 990), P" (90n-1, mm)})
(3.6)
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PE(90n11, 90n) = T (93 (0, i, Un), 9 (01, 1, O 1))
W ({pE(pﬁn—l, ©00n), ¥ (Phin_1, phy), p” (9001, @M})
= w(max {p"(pVn—1, 99n), 0" (phn1, pﬁn)})
0 ( max {p” (pon—1, p0n), 0" (9Vn_1, p0n), p" (9lin_1, pﬁn)}>
(3.7)
and
F(0S(0n-1, Vn-1, Bin-1), 93 (0n, O, Fin)

=P
S 1/} ( max {pE(an—h pgn)apE(pﬁn—h pﬁn%pE(phn—la @hn)}) :
(3.8)

PP (90n, 90ns1)

Since ¥(2) <2 for all 2 > 0, so from (3.6) to (3.8) we obtain that

0 < max {p” (phn, Phnt1), p* (90, 9Un11), P" (900, 9On+1) }
<4 < max {p” (p0n-1, 90n), " (9V0n-1, p0), p" (phn1, @ﬁn)}) (3.9)
< max {p”(pon-1, 90n): P* (9Vn—1, 900 ), D" (Phn-1, phn) }.
Then

max{p” (phn, Ohns1), D7 (900, 90n1), F (900, 90n11) }

< max {p”(pon-1, 90n): P* (9Un—1, V), D" (9hn1, phn) }-

Therefore, { max {pE(ph,m phn—i—l)apE(pﬁm pﬂn+1>,pE(an7 p@n—i—l)}} is a positive
decreasing sequence. Thus, 3 a > 0 such that

lim max {pE(phna phn+1>7pE(pﬁn7 pﬂn—i-l)apE(pQ’m p@n-‘rl)} = a.

n—-+0o

Consider a > 0. By applying n — +oc in (3.9), we have

0<a< lm (max {p" (p0n-1,90n), P" (9Un-1, pU0), 0" (9hn-1, phn)}>
= lim ¥(2) < a, (3.10)

11—t

which is a contradiction. Thus, we conclude that

lim max {pE(phm phn—Fl)apE(pﬁm pﬂn—i—l)apE(me p@n+1)} =0 (311)

n—-+o00
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We claim that {ph,}, {p9,} and {po,} are Cauchy sequences. Suppose, to the
contrary, that the sequence {ph,}, {p0,}, or {po,} is not Cauchy. Then,

lim  p”(hm, phy,) #0, or  lim  p®(pd,, pv,) # 0,

n,m—-+0o0o n,m——+oo

or  lim p®(pom,pon) # 0.

n,m—400

This implies that 4 € > 0 for which we can determine the subsequences of integers
(mg) and (n,) with n, > m, > ¢ such that

max { p” (9hmy: Pling): D" (9Vmy, 90n, ), ¥ (90my 90n,) } > €. (3.12)

Moreover, according to m, we can choose the smallest integer n, such that n, > m,
and satisfying (3.12). Then

max {p” (phum,, Pln,—1), D" (©0mys ©0ng—1), 2" (90my, 90n,—1)} < €. (3.13)

By triangle inequality and (3.13), we have

pE(phmqa phnq) S pE(phm,ﬁ phnq—l) + pE(phnq—la phnq)
< &4 p"(phng-1, Pha,)-
Thus, by (3.11), we obtain

lim_p®(phm,, phn,) < lim_p®(phy,, phn, 1) < €. (3.14)

g—+o0 T g—otoo

Similarly, we have

lim p®(pUm,, pUn,) < lim pP (00, o, 1) < €. (3.15)
g—+oo q—+00
Hm p?(pom,, 90n,) < lim p®(pom,, on,-1) < €. (3.16)
qg—+00 q—r+00

Again by (3.13)

PF (Ohimys 9T, ) < PP (9Pimys 9Pmg—1) + P2 (9Pimy—1, Ong—1) + P (9hny—1, 9hn, )
(

< pE phmqa @hmq—l) + pE(phmq—la phmq) + pE(@hmq7 @hnq—l)
+pE(phnq—1a phnq)
< pE(phmqa @hmq—1> + pE(phmq—la phmq) +e+ pE(@hnq—h phnq)
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Taking ¢ — 400 and by (3.11), we obtain

. E : E
qggloop (phmqa phnq) S qEEloop (phmq—lu phnq—l) S €.

lim pE(pﬁmq, oU,) < lim pE(pﬁmq,l, oUn,—1) < €.

q—+00 q—+00

. E : E
lim p™(pom,, Pon,) < qETmp (90my—1, 90n,—1) < €.

q—+00

Using (3.12) and (3.17 to 3.19), we have

lim max {p® (phm,, Phn, ), * (09mys 99ny ), DX (90my 90n,) }

q—+o00
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(3.17)

(3.18)

(3.19)

= lim max {p” (phm,—1, 9hn,—1), P (00me—1, 99ng—1)s " (00my—1, 90n,—1)} (3.20)

q—+00

=E£.

By using the inequality (3.1), we have

P (hungs 9lny) = PF (03 (R —1. Oy -1, 0myg—1) S (Ang—1, Iny—1, 0ny—1))
< ¢(max {p” (Phmy—1, 9hng—1), 2" (90my—1, 990, 1), P* (90m, 1, @an_l)})

PP (99mys 99n,)

And

pE(@qu, @an) = pE(@%(qu—l, 'lgmq—l, hmq—l), p%(.an—l, 19”(1—17 hnq—l))
< ( max {pE(phmqfla @hanl)apE(@ﬁmqfla @ﬁanl)apE(meqfla @anfl)})

From (3.21, 3.22 and 3.23), we deduce that

max {p” (phm,, Pln, ), DT (00 §0n,)s DT (90my> 90n,) }

< ( max {pE(prmq—h phnq—l),pE(pﬁmq—h ©Un,—1), pE(@qu—h ©0n,—1) })

Taking ¢ — 400 in (3.24) and from (3.20), we get

0<e< lim¥(r) <e,

1—et

= pE (p%(ﬁmq—ly hmq—la ﬁmq—l)a @%(79nq—17 hnq—la an—l))
< 1/J<maX {pE((Qﬁmqu pﬂanl)apE(@hmqu K)hanl)})

(3.21)

(3.22)

(3.23)

(3.24)

which is a contradiction. Hence, {ph,}, {9V,} and {po,} are Cauchy sequences
in (&,p%). {ph,}, {pY.} and {po,} are convergent sequences, as £ is a complete

E-cone metric space.
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Since p is an ICS mapping, 3 h, 9, 0 € £ such that
lim A,=~h, lim ¢¥,=14¢9, and lim o, = 0. (3.25)

n—-4o00 n—-4o00 n—-4o00

Since T' is continuous, we have

lim ph, = ph, lim @J,=pd, and lim pp, = po. (3.26)
n—-+00 n——+0oo

n—-+0o

Now, consider (i) holds, that is & is continuous. Then from (3.3), (3.25) and (3.26),
we get

h= lim h,.; = lim $(h,, Y, 0,) = S( lim A, lim 9,, lim o,) = S(h, 9, 0),
—+00

n—-+oo n——+o0o n—-+oo n—-+oo n—+

9= lm Vo1 = Lm SWn,hn,dy) =S( lim ¥, Hm h,, lim ) = S0, h9),

n—-+o0o n—-+o0o n—-+o0o n—-+o0o n—-+o0o

and

o= lim g,.1 = lim (0,0, b)) =S( lim g, lim 9,, lim h,) = (e, ¥, h),
n——+0o n——+0o n—-+00 n—-+00 n—-+0o0o

to proved that & has a triple fixed point.
Consider (ii) holds. Since {A,},{0o,} are non-decreasing with h, — f, 0, — o
and {9, } is also non-increasing with 9,, — ¢, then by (ii) we obtain

h,<h, 9,>9Y and p, <p, foralln.

Consider now
P (ph, 9S(h, 0, 0)) < pP(ph, plins1) + p* (phnt, 93,9, 0))
= p"(ph, phnsr) + " (9S(hn, 9, 00), 9S(7, 9, 0)) (3.27)
< p®(ph, phni1) + w(max {p" (9hn, oh), p* (90, 99), 0" (900, m)})-
Letting n — 400 and by using (3.26), the right-hand side of (3.27) tends to 0,

thus we obtain p¥(ph, pS(h, 9, 0)) = 0. Therefore, ph = pS(k, ¥, o) and since
is injective, we have h = J(h, ¥, 0). Analogously, we find that

(D, h,9) =9 and (p,v, h) = o.
Thus, & has a triple fixed point.

Corollary 3.1. Consider a partially ordered set (£, <) and assume that there is
an E-cone metric p¥ on & such that (£,p¥) is a complete E-cone metric space.
Consider @ : & — £ is an ICS mapping and S : &€ X € X & — £ is such that S has
the mized monotone property. Suppose 3 1 € ¢ such that



Tripled Fized Points in Complete E-Cone Metric Spaces 263

Lo Eﬁ7h/—f—E?9,?9/—|—E,/
pE(p%(h,ﬁ,g),p%(h,ﬁ,g))gzp(p (ph, ph') +p (pg ©0') + p” (po @9))

for any h, 9,0 € & for which h < B, ¥ > 19" and 0 < o'. Suppose
(i) S is continuous, or
(ii) & has the following property:

(a) if non-decreasing sequence h, — h (correspondingly 0, — 0), then h, <
h (correspondingly o0, < o) for all n,

(b) if non-increasing sequence ¥,, — ¥, then ¥, > 9 for all n.

If 3 ho,Yo,00 € & such that hy < (ho, 0, 00), Yo > (Yo, ho, V) and o <
(0, Yo, ho), then 3 h, 9, 0 € & such that

S(h, 0, 0) =h, (W, h9) =9 and S(o,9,h) = p,

then, & has a triple fized point.
Proof. It is sufficient to say that

E / E / E !
P~ (ph, ph') + p~ (pv, pU') + p” (po, po

Then, applying Theorem 3.1 so that v is non-decreasing.

Corollary 3.2. Consider a partially ordered set (£, <) and assume that there is
an E-cone metric p¥ on & such that (£,pF) is a complete E-cone metric space.
Consider @ : & — £ is an ICS mapping and S : € x £ X & — £ is such that S has
the mized monotone property. Suppose 3 q € [0,1) such that

PP (0S(h, 9, 0), 9S(W, ', o)) < qmax {p®(ph, ph'). p® (00, ), p" (00, p0') }
for any h, 9,0 € & for which h < B, ¥ > 19" and o < ¢'. Suppose

(i) & is continuous, or

(i1) & has the following property:

(a) if non-decreasing sequence h, — h (Correspondingly 0, — o), then
hn, < h (Correspondingly o, < 0) for all n,

(b) if non-increasing sequence ¥,, — ¥, then ¥, > 9 for all n.
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If 3 ho, V0,00 € & such that hy < (ho, Vo, 00), Vo > (Yo, ho, Vo) and gy <
(00, Vo, o), then 3 h, 9, 0 € € such that

X(h, 9, 0) =h, W, hU)=9 and (o,9,h) = o,
then, & has a triple fixed point.
Proof. The proof is complete by taking ¢ (2) = g2 in Theorem 3.1.

Corollary 3.3. Consider a partially ordered set (£, <) and assume that there is
an E-cone metric p¥ on & such that (£,p¥) is a complete E-cone metric space.
Consider @ : & — & is an ICS mapping and S : € X € X & — £ is such that S has
the mized monotone property. Suppose 3 q € [0,1) such that

PP (9S(h, 9, 0), pS(H, 9, ) < g (p"(ph, pl') + " (90, ') + p" (90, p0'))
(3.28)
for any h, 9,0, W, ¥, 0 € & for which h < K, 9 > and o < ¢'. Suppose
(i) & is continuous, or
(i) & has the following property:

(a) if non-decreasing sequence h, — h (correspondingly, 0, — o), then
hn, < h (correspondingly, o, < o) for all n,
(b) if non-increasing sequence ¥,, — ¥, then ¥, > 9 for all n.

If 3 ho,Y0,00 € & such that hy < (ho, Vo, 00), Yo > (Yo, ho, Vo) and oy <
(00, Vo, o), then 3 h, 0, 0 € £ such that

S(h, 9, 0) =h, SW,hJ)=109 and I(o,9,h) = o,
then, & has a triple fixed point.
Proof. The proof is complete by taking 1(2) = ¢z in Theorem 3.1.

Remark 3.1. Consider the identity p = [pf on &, in Corollary 3.3, we obtain
Berinde and Borcut’s Theorem (Theorem2.1), with i = j =k = 1.

To prove that the existence of triple fixed point and it is unique. Consider
a partially ordered set (§,<) and for & x £ x &, define a partial ordering as:
V (R, 0), (W0, 0) € xExE

(h,9,0) < (W, ¥, 0)e h<h, 9>9 and p</. (3.29)

We say that (h, 9, 0) and (A, ¢') are comparable if
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(h, 0, 0) < (W, 9", ¢) or (W%, d) < (h,,0)
Thus, (h,7, 0) is equal to (A/,9', ¢') if and only if h =/, J =19 and ¢ = ¢'.

Theorem 3.2. [n addition to hypothesis of Theorem 3.1, Assume that for all
(B, 9, 0), (W, ¢, 0) € EXEXE, there exist (u,v,w) € & x & xE such that (S(u, v, w),
%(v,u,v),%(w,v,u)) is comparable to (3(h, 9, 0), (9, h, V), (0,9, 1)) and

(%(h’, V0, S R Y, (0, Y, h’)) Then X has a unique triple fized point (h, 9, o).
Proof. By Theorem 3.1, the set of triple fixed points of & is not empty. Suppose,
(h, 9, 0) and (K, ¢') are two triple fixed points of I, that is,

S(h,9,0) =h, S,V 0) =
S0, h,0) =9, SO, K 19'):19',
S0, h) =0, S(d, 0, 0) =/
Now we have to show that (h,9,0) and (W,?', ') are equal. By assumption,

3 (u,v,w) € & x & X & such that (%(u,v,w), (v, u, v), I(w, v, u)) is comparable to
(S(7, 0, 0), 3(9, h,9), (0,9, 1))

and
(%(ﬁ/, v, 0), S W0, S, h/)).
Define sequences {u,}, {v,} and {w,} such that

Uup=1u, v9=0v, wog=w, andforany n >1

—~
g
3
,_.
i~
3
>—t
S
3
,_.
~

('Unflv Un—1, 'Unfl)v (330)
Wy, = %(Wn_l, Un-1, un—1)7 v n.

Moreover, set hy = h,vy = U, 00 = ¢ and hy = A,V = ¥, o[, = ¢, and similarly
define the sequences {f,},{V,},{on} and {# },{¥, }, {0}, }. Then,

hy, = S(h, 0, 0), h, =W, ¥, 0),

S, h,0), O, =S, H,09), (3.31)

=S(p,9,h), o, =S,V N), foralln>1.

Since (%(ﬁ,ﬁ, Q) (9, h, 9), S(0, 9, )) (h1,04, 01,) = (h, 1, 0) is comparable to
(S(u, v, w), (v, u,v), I(w, v,u)) = (u1,v1, wr),

then, it is easy to show (A, 9, 0) > (u1,v1,w;). Recursively, we get that



266 South FEast Asian J. of Mathematics and Mathematical Sciences

(h, 3, 0) > (Un,vn, wy,) for all n. (3.32)
By (3.32) and (3.1), we have
PP (ph, puni1) = p" (S (1,9, 0), 93 (U, v, wy))

< ( max {p” (ph, pu,), p" (pv, pon), p" (po, mm)}) (3:33)

PP (pvns1, 90) = " (9 (vn, thn, ), (9, 1, )
< w(max {p" (pun, ph), p" (pvn, pﬁ)}) (3.34)

< w(max {0" (9vn, 90), " (pun, oh), p" (P, M)})

p" (90, pwni1) = p” (pS (0,9, B), 03 (Wn, Vi, uy))
< w(max {p"(po, pw,),p" (09, pu,), p" (ph, pun)}>

It follows from (3.33) to (3.35) that

(3.35)

max {p” (00, pwns1),p" (99, vni1), p" (P, PUins1) }
< w(max {p"(po, pwn), p” (9V, pun), p” (A, pun)})-
Thus, for each n > 1,
max {p”(po, pwn),p” (9V, pvn), p*(ph, pu,) }
<yn ( max {p” (po, pwo), p” (00, puo), p” (ph, puO)}>-

Since (1) <@ and lim ¢(y) <: imply lim ¥"(2) =0 foreach > 0.
gt n—+o0

(3.36)

Therefore, from (3.36),

lim max {p”(pe, pw,), p" (90, pva), p" (0h, pu,) } = 0.

n—-+o0o

Consequently, that
lm p”(ph, pu,) =0, lim p®(pd, pv,) =0, lim p”(po, pw,) =0. (3.37)

n—-+00 n—-4o00 n—-+4o0o

Similarly, we show that

lim p®(ph, pu,) =0, lim pZ(pd, pv,) =0, lim p¥(pd,pw,) =0. (3.38)

n—-4o00 n—-4o00 n—-4o0o
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Combining (3.37) and (3.28) gives that (ph, pv, po) and (pl, V', po') are equal.
Since g is injective, we have h = A/, = ¢ and p = ¢'.

4. Conclusion

In conclusion, this study has successfully extended the fixed-point theory to
tripled fixed points in complete E-cone metric spaces, offering a broader framework
for solving nonlinear problems. By establishing new contractive conditions, we
demonstrated the existence and uniqueness of tripled fixed points under specific
mappings. These results significantly generalize previous findings in traditional
metric and cone metric spaces, providing a versatile tool for analyzing complex
systems in various fields, including dynamic systems, optimization, and differential
equations. The insights gained through this research open new pathways for further
exploration in the study of fixed points in generalized spaces and their potential
applications in mathematical modeling and applied sciences.
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